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Abstract

The actuarial–financial literature does not reach a consensus
on which risk measures should be used in practice.

Our paper studies the properties of risk measures that can
help avoid some inconsistencies observed with popular
measures, like VaR or Conditional Value at Risk (CVaR).

Two new families of risk measures are defined; complete and
adapted risk measures.

In particular, we study distortion risk measures and
characterize them as complete/adapted, in terms of the
linearity of the distortion function, rather than its
non–differentiability, as suggested by Wang (2002, AFIR Coll.).
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José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

Overview:

1. Introduction

2. Properties of risk measures

3. Distortion risk measures
3.1 Complete risk measures
3.2 Exhaustive risk measures
3.3 Beyond exhaustive risk measures
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1. Introduction

Measuring the level of exposure to market risk is of interest in
financial analysis.

Common risk measures: standard deviation of the investment
return, the interquantile range or shortfall measures.

Value at Risk (VaR) has been the preferred choice in industry
to estimate market risk.
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José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

1. Introduction

Measuring the level of exposure to market risk is of interest in
financial analysis.

Common risk measures: standard deviation of the investment
return, the interquantile range or shortfall measures.

Value at Risk (VaR) has been the preferred choice in industry
to estimate market risk.

José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

Value at Risk:

VaR can be defined as [Duffie and Pan (1997, J. of Der.)]:

For a given time horizon T and a α× 100%
confidence level, VaR is the loss in market value that
can only be exceed with a probability of at most
1− α.

Mathematically, VaR is simply a percentile on the distribution
of losses.

For a risk X over a given period [0, T ] and 0 < α < 1, the
α× 100% VaR, denoted VaRα(X ), is:

VaRα(X ) = inf{x ∈ R | P(X ≤ x) ≥ α}.
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Advantages of VaR:

I VaR is always expressed as money lost,

I VaR is simple to use with a wide variety of risks.
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Disadvantages of VaR:

Despite its universality, several authors have pointed out the
deficiencies of VaR:

I lack of sub–additivity [Artzner et al. (1997, Risk, 1999,
Math. Fin.)] and/or of convexity,

I measure difficult to optimize as it may have multiple local
minima [Basak and Shapiro (2001, Rev. Fin. St.)].
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Review:

Artzner et al. (1997, Risk) suggests properties for a risk
measure to be coherent: sub–additivity, translation invariance,
positive homogeneity and monotonicity.

With the concept of coherent risk measure and its properties,
different sets of measures started to appear, each with
distinctive properties: e.g. convex, spectral or deviation
measures.

We study distortion risk measures and their properties. Some
of these measures do not satisfy all the properties required to
avoid inconsistent decisions.
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José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

Review (. . . continued):

To avoid the problem, completeness is proposed, to ensure that
the measure uses all the information in the loss distribution.

The inconsistencies are due to the linearity of the distortion
rather than its non–differentiability, as suggested in Wang
(2002, AFIR Coll.).

Generally completeness is not sufficient to avoid
inconsistencies. Adaptability is defined, forcing the risk
measure to use the distributional information adequately.
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2. Properties of risk measures

X : the loss–gain variable (risk) associated with a given
investment, over a single period of time 0 to T .

Definition 2.1: A risk measure is a function ρ that associates
the index (real) value ρ(X ) to a risk X .
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Risk Measures in Finance:

In finance, ρ(X ) > 0 is interpreted as the minimum amount of
money that an agent must add to the position X , by investing
at the risk free rate, to forego any level of risk.

By contrast, if ρ(X ) < 0 then the amount −ρ(X ) can be
cashed from the position.

José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

Risk Measures in Finance:

In finance, ρ(X ) > 0 is interpreted as the minimum amount of
money that an agent must add to the position X , by investing
at the risk free rate, to forego any level of risk.

By contrast, if ρ(X ) < 0 then the amount −ρ(X ) can be
cashed from the position.
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Coherent Risk Measures

Artzner et al. (1997, Risk) defines coherent risk measures.

Definition 2.2: A risk measure ρ is coherent if and only if

1. Sub-additivity: ρ(X + Y ) ≤ ρ(X ) + ρ(Y ), for any risks
X , Y ,

2. Positive homogeneity: For any risk X and constant
λ ≥ 0, then ρ(λX ) = λρ(X ).

3. Translation invariance: For a fixed risk X ∈ X and any
constant a, then ρ(X + a) = ρ(X )− a.

4. Monotonicity: Let X , Y be risks such that X ≤ Y then
ρ(X ) ≤ ρ(Y ).
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Conditional Value at Risk:

Coherent risk measures are characterized in terms of scenarios.
In fact, the selection of a risk measure is equivalent to the
selection of a set of generalized portfolio scenarios.

An alternative measure for losses is Conditional Value at Risk
(CVaR), also called Tail Conditional Expectation (TCE),
sometimes erroneously. It was first proposed by Artzner et
al. (1999, Math. Fin.) and extensively studied in recent years.

CVaR answers the question: What is the expected loss
incurred in the (1− α)% worse cases of the position?
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CVaR (. . . continued)

Definition 2.3: For a risk X and a confidence level 0 < α < 1,
the α× 100% CVaR is:

CVaRα(X ) = EP [X | X ≥ VaRα(X )].

By definition, CVaRα(X ) ≥ VaRα(X ), for any risk X .

CVaR is sub–additive and convex. In fact, in most cases, it is
coherent [Artzner et al. (1999, Math. Fin.)].
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José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

CVaR (. . . continued)

Definition 2.3: For a risk X and a confidence level 0 < α < 1,
the α× 100% CVaR is:

CVaRα(X ) = EP [X | X ≥ VaRα(X )].

By definition, CVaRα(X ) ≥ VaRα(X ), for any risk X .

CVaR is sub–additive and convex. In fact, in most cases, it is
coherent [Artzner et al. (1999, Math. Fin.)].
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Convex Risk Measures

Follmer and Schied (2002, Fin. & Stoch.) suggest that market
risk may increase non–linearly with the value of the position.
They propose relaxing the conditions of positive homogeneity
and sub–additivity to convexity.

Convexity: ρ[(1− λ)Y + λX ] ≤ (1− λ)ρ(Y ) + λρ(X ), for any
λ ∈ [0, 1].
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Spectral Risk Measures

Spectral measures were defined in Acerbi (2002, J. Ban.Fin.)
and studied in Kusuoka (2001, Adv. Math. Econ./S–V).

Rockafellar et al. (2006, Math. Prog.) propose two different
sets of risk measures; deviation measures and bounded in
expectation. These are not coherent.

Clearly, opinions differ on the properties that risk measures
should satisfy.

José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

Spectral Risk Measures

Spectral measures were defined in Acerbi (2002, J. Ban.Fin.)
and studied in Kusuoka (2001, Adv. Math. Econ./S–V).

Rockafellar et al. (2006, Math. Prog.) propose two different
sets of risk measures; deviation measures and bounded in
expectation. These are not coherent.

Clearly, opinions differ on the properties that risk measures
should satisfy.
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Actuarial Risk Measures:

Goovaerts et al. (2003, IME Conf.) is critical about some
conditions for coherence; sub–additivity, translation invariance
and positive homogeneity.

Desirable properties differ when a risk measure is used for
capital requirements, for statutory purposes, compared to risk
premium calculations.
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3. Distortion risk measures

Definition 3.1: a distortion function g : [0, 1] → [0, 1] is
non–decreasing and such that g(0) = 0 and g(1) = 1.

g transforms SX into a new survival function S∗X = g(SX ), of
the ground–up distribution.

It can be shown that the Choquet integral of a loss X

Hg [X ] =

∫ ∞

0

g [SX (x)]dx −
∫ ∞

0

{1− g [SX (−x)]}dx ,

is equal to the expectation of X under the distorted
distribution.
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José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

3.1 Complete risk measures
3.2 Exhaustive risk measures
3.3 Beyond exhaustive risk measures

Distortions (. . . continued):

A distortion risk measure is that of a new variable, with
changed probabilities, re–weighting the initial distribution.

The properties the Choquet integral, confer to distortion
measures (for any g) many of the desirable risk measure
properties discussed in the previous section: translation
invariance, positive homogeneity, monotonicity, and
comonotonic additivity.

Wirch and Hardy (2001, IME Conf.) show that distortion risk
measures are coherent if and only if g is concave.

In addition, if g is concave then the distortion risk measure is
spectral. VaR, CVaR and the WT measure of Wang (2000,
J. Risk & Ins.) are all distortion risk measures.
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José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

3.1 Complete risk measures
3.2 Exhaustive risk measures
3.3 Beyond exhaustive risk measures

Distortions (. . . continued):

A distortion risk measure is that of a new variable, with
changed probabilities, re–weighting the initial distribution.

The properties the Choquet integral, confer to distortion
measures (for any g) many of the desirable risk measure
properties discussed in the previous section: translation
invariance, positive homogeneity, monotonicity, and
comonotonic additivity.

Wirch and Hardy (2001, IME Conf.) show that distortion risk
measures are coherent if and only if g is concave.

In addition, if g is concave then the distortion risk measure is
spectral. VaR, CVaR and the WT measure of Wang (2000,
J. Risk & Ins.) are all distortion risk measures.
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3.1 Complete risk measures

VaR uses only information on the loss frequency, not its
severity. For instance, doubling the loss severity has little
influence on VaR.

VaR can be expressed as the Choquet integral with respect to
the following distortion function:

g(y) =

{
0 if y < 1− α

1 if y ≥ 1− α
. (1)

VaRα(X ) =

∫ ∞

0

g [SX (y)]dy−
∫ ∞

0

{1−g [1−SX (−y)]}dy = xα ,

where xα is the percentile of the distribution of X .
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Complete (. . . continued):

Note from the following graph that here g is non–decreasing,
with g(0) = 0 and g(1) = 1, piece–wise constant and
non–concave. Hence the resulting distortion risk measure,
VaR, is not coherent.
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Figure: Distortion functions
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Complete (. . . continued):

By contrast CVaR uses both, the loss frequency and the
expected loss in excess of VaR.

CVaR can also be expressed as a Choquet integral, with
respect to the following distortion function:

g(y) =

{
y

1−α
if y ≤ 1− α

1 if y ≥ 1− α
. (2)

Here g is a non–decreasing, continuous and concave distortion
function, but it is not differentiable at y = 1− α.
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José Garrido Analysis and Review of Risk Measures



1. Introduction
2. Properties of risk measures

3. Distortion risk measures

3.1 Complete risk measures
3.2 Exhaustive risk measures
3.3 Beyond exhaustive risk measures

Complete (. . . continued):

By contrast CVaR uses both, the loss frequency and the
expected loss in excess of VaR.

CVaR can also be expressed as a Choquet integral, with
respect to the following distortion function:

g(y) =

{
y

1−α
if y ≤ 1− α

1 if y ≥ 1− α
. (2)

Here g is a non–decreasing, continuous and concave distortion
function, but it is not differentiable at y = 1− α.
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Complete (. . . continued):

CVaR only accounts for losses in excess of VaR, disregarding
losses smaller than the α percentile. It does not adequately
account for extreme losses that have a low frequency either, as
it is based on an average loss.

Hence, CVaR leads also to inconsistent decisions.
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Example 4.1:

A and B are 2 portfolios with the following loss distributions:

Loss Distribution A Distribution B
0 0.600 0.600
1 0.375 0.390
5 0.025 —
11 — 0.010

Table 4.1: From Wang (2002, AFIR Coll.)
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Example 4.1 (. . . continued):

The distorted distributions of these losses can be obtained.

Loss SA(x) S∗A(x)
X < 0 1 1

0 ≤ X < 1 0.4 1
1 ≤ X < 5 0.025 0.5

5 ≤ X 0 0

Table 4.2: Distorted Distribution for Portfolio A

Then the CVaRα(XA), at level α = 0.95, is given by:

CVaR0.95(XA) =

∫ 1

0

dx +

∫ 5

1

0.5dx = 3.
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Example 4.1 (. . . continued):

Similarly for Portfolio B we obtain:

CVaR0.95(XB) =

∫ 1

0

dx +

∫ 11

1

0.2dx = 3 = CVaR0.95(XA),

although the maximal possible loss in Portfolio B is 11, more
than double that of 5 in Portfolio A.

Wang (2002, AFIR Coll.) suggests that the problem is with
the distortion function for CVaR, that assigns 0 to all
percentiles below the level of confidence α.
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Example 4.1 (. . . continued):

This is not the only problem with the distortion function of
CVaR. More importantly, g does not use all the information
from the loss distribution.

Similar problems can be observed in cases where only
g(0) = 0, but the distortion risk measure still leads to
inconsistencies.
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Example 4.2:

Consider the following distortion function:

g1(x) =


50x if 0 ≤ x < 0.01

0.5 if 0.01 ≤ x < 0.5

x if 0.5 < x ≤ 1

.

It is continuous, but not differentiable at x = 0.01 and
x = 0.5, yet constant on [0.01, 0.5].
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Example 4.2 (. . . continued):

Here Portfolios A and B have the same maximal loss of 11,
but differ on the smaller losses:

Loss Distribution A Distribution B
0 0.600 0.600
1 — 0.390
10 0.375 —
11 0.025 0.010

Table 4.3: Modified Example of Wang (2002, AFIR Coll.)

Again here, the distortion risk measure generated by g1 assigns
the same value (that is 5.5) to both portfolios. Yet, it is clear
that Portfolio A is riskier.
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Example 4.2 (. . . continued):

The problem is not the non–differentiability of g1, as
suggested in Wang (2002, AFIR Coll.), but the fact that it is
constant on an interval, resulting in information loss on the
original distribution (for values between 1 and 10).

Loss Distribution A Distorted A
0 0.600 0.5
10 0.375 0
11 0.025 0.5

Table 4.4: Distorted Distribution for Portfolio A

At this stage, is natural to turn to the study of the convexity
or concavity properties of distortion functions.
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Example 4.2 (. . . continued):

Consider another distortion function:

g2(x) =

{
1
3
x if 0 ≤ x < 1

3
4
3
x − 1

3
if 1

3
≤ x ≤ 1

. (3)

With it Portfolio A is correctly evaluated as riskier (≈ 2) than
Portfolio B (≈ 0, 23).

Hence, risk measures must (at least) use all the information of
the original loss distribution.

This idea defines a new set of complete risk measures.
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3.2 Exhaustive risk measures

Definition 4.1: Consider a risk X and a distortion measure m,
i.e. m(X ) = EP∗(X ). The risk measure m is called complete if:

S(x1) = S(x2) ⇔ S∗(x1) = S∗(x2), ∀ x1, x2 ∈ [0, 1], (4)

where S∗ is the survival function of the distorted distribution
P∗.

VaR and CVaR are not complete. This shows how their
inconsistencies are due to their constant distortion functions
over some intervals.
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Exhaustive (. . . continued):

Theorem 4.1: Let P∗ be a distorted distribution from g . The
following conditions are equivalent:

1. S(x1) = S(x2) ⇔ S∗(x1) = S∗(x2), for all x1, x2 ∈ [0, 1],

2. g is a strictly increasing distortion function.
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Exhaustive (. . . continued):

The difference between convex and concave distortion
functions is that they generate super–additive or sub–additive
risk measures, respectively.

Hence sub–additivity (super–additive) is not sufficient. In
addition risk measures need to be complete.

Here we are interested in sub–additive risk measures
(equivalent to coherence for distortion risk measures). This
leads to the idea of exhaustive risk measures.

Definition 4.2: A distortion risk measure is called exhaustive if
it is coherent and complete.
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it is coherent and complete.
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Exhaustive (. . . continued):

From Theorem 4.1 is can be seen that a distortion risk
measure is exhaustive if and only if its distortion function, g , is
concave and strictly increasing.

It follows that a simple sufficient condition to check
exhaustivity is that g be:

(i) concave and,

(ii) g(1−) < 1.
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3.3 Beyond exhaustive risk measures

Complete distortion risk measures use all the information in
the original loss distribution.

But is completeness a sufficient condition to avoid inconsistent
decisions?

The answer in no, as illustrated by the following example.
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Example 5.1:

Consider the following distortion function:

g3(y) =

{
3
2
y if 0 ≤ y < 1

2
1
2
y + 1

2
if 1

2
≤ y ≤ 1

, (5)

applied to these two portfolios:

Loss Distribution A Distribution B
0 0.500 0.4500

1.9 — 0.350
2 0.375 —
x — 0.200
8 0.125 —

Table 5.1: Loss Distributions of Portfolios A and B
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Example 5.1 (. . . continued):

It is easily seen that g3 is concave and satisfies (4), hence it is
also exhaustive.

Nevertheless, a choice of x ≈ 5.74 in the above portfolios
forces g3 to assign identical risk measure values,

m(XA) =

∫ 2

0

(
1

2
· 1

2
+

1

2
) dx +

∫ 8

2

3

2
· 1

8
dx =

21

8
,

m(XB) =

∫ 1.9

0

(
1

2
· 0.55 +

1

2
) dx +

∫ x

1.9

3

2
· 0.2 dx =

21

8
,

to both, even though Portfolio B is clearly more risky.

So it seems that exhaustivity is not a sufficient condition
either to avoid inconsistent decisions.
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